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Stable Adaptive Control for Robot Trajectory Tracking
Using Dynamic Neural Networks*

Fuchun Sun†, Zengqi Sun‡, Nan Li†, and Lingbo Zhang†

Abstract: This paper presents a stable adaptive control approach based on dynamic neural networks (DNNs) for
robot manipulators with unknown dynamics nonlinearities. DNNs in the proposed control scheme are used to
approximate the whole robot dynamic systems, i.e. the dynamic behavior of the closed-loop systems, which is
distinguished from static feedforward NNs (SNNs) being used to approximate the nonlinear components in robot
dynamic systems. One benefit of using DNNs is that the approximation precision and convergence of tracking
errors can be improved, and especially, some specific dynamic behaviors, such as limit cycles and chaos, etc. that
can not be dealt with SNNs can be approximated in this case. On the other hand, by using the dynamic inversion
of the DNN system, the DNN dynamics behavior can be predetermined by design. As a result, the perceptive
input of the DNNs will strictly lie in some compact set, this excludes the assumption that is often used in the
existing literature, i.e., the robot states are assumed to be within a compact set. The robot control is composed of
the dynamic inversion of the DNN system, adaptive compensation and a sliding control. The proof of a complete
stability and the tracking error convergence is given by using Lyapunov stability theory that results in novel learn-
ing algorithms for the DNN systems. Simulations of a two-link manipulator show that stable adaptive control
approach using DNNs performs better than that using SNNs.
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1. Introduction

NEURAL Networks (NNs) are capable of learning and
reconstructing complex nonlinear mapping and have

been widely used in the identification and control for
robotic manipulators by many researchers. The early NN
applications in the control of robotic manipulators include
Albus and Miller’s CMAC Controller [1], [2], Iiguni’s lin-
ear optimal control techniques with back-propagation NNs
[3], Kawato and Ozaki’s feed-forward compensators us-
ing back-propagation NNs [4], [5] for improving the con-
trol performance, etc. These NN-based control approaches
could give good simulations or even experimental results.
However, lack of theoretical analysis and stability security
makes industrialists wary of using the results in real indus-
trial environments.

To cope with these problems, stable NN-based on-line
adaptive control both in continuous and discrete time for
robots has been recently investigated by many researchers
[6]-[8]. Representatives of these researches are multilayer
NN-based adaptive controllers for robotic manipulators by
Lewis [6], [7] and linearly parameterized NN-based adap-
tive control by Slotineet al. [8], [9]. In the proposed con-
trol framework, multilayer NNs and linearly parameterized
NNs were used to approximate the nonlinear components
in the robot dynamic system, respectively, and Lyapunov
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stability theory or passive theory is employed to design a
closed loop control system with stability, convergence and
improved robustness. As a result, the designed system is
stable, and an on-line NN weight updating law is yielded
for the function approximations. However, as one of the
consequences of these applications, some of the system dy-
namic behaviors, such as limit cycles and chaos, etc., will
lose if SNNs are used to approximate the nonlinear com-
ponents in robot dynamic equation [10].

The DNN has advantages over a SNN due to the feed-
back connections between layers and neurons forming
complicated dynamics, it could deal with time-varying in-
put or output through their own natural temporal operation.
Thus, the DNN is a dynamic mapping and is more suit-
able for the control of nonlinear dynamic systems than the
SNN [11]. Recently, stable adaptive control for nonlinear
dynamic systems using DNNs has emerged as one of the
important research fields in NN applications. Rovithakis
and Christodoulouet al. [12], [13] have contributed more
in this respect. They presented direct and indirect adap-
tive control schemes based on a recurrent NN model of the
unknown system. Lyapunov stability theory was also used
to provide answers to the problem of stability, convergence
and robustness. However, there are two shortcomings ex-
isting in the proposed algorithms:

1. The proposed control scheme assumes that the sys-
tem states are within some compact set, which is also
used in the other NN applications. Actually, without
proving the stability of the whole system, the system
states may be unbounded. Therefore, the NN approx-
imation equation is not necessarily true during on-line
learning.

2. In the DNN system, the perceptive inputs of the NN
nonlinear components are the state of the constructed
system, not the DNN system itself. So it is not a real
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DNN system.
This paper is concerned with the stable adaptive control

for robotic manipulators using DNNs. In the DNN sys-
tems constructed in this paper, the input of the NN nonlin-
ear components in the DNNs is from the DNNs state itself
such that a real DNN system is built. Furthermore, use of
the dynamic inversion of the DNN system as the control in-
put of the robot system make the state of the DNN system
possible to be predetermined by design, which overcomes
the demerit presented in item 1. Main theoretical results
for designing such an adaptive controller of robotic manip-
ulators are given. The effectiveness and efficiency of the
proposed adaptive controller using DNNs are demonstrated
in comparison studies with the adaptive control algorithm
using SNNs by simulations of a two-link manipulator.

The paper is organized as follows. In Section 2, some
basics for the robot model and its properties as well as
those for controller design are reviewed. Then in Section
3, the stable adaptive control approach based on DNNs for
robot trajectory tracking is given, where a complete control
structure and the learning algorithms for the free adaptive
parameters are presented. Stability and tracking error con-
vergence proof is also given in this section. An application
example is given in Section 4. Finally, Section 5 concludes
the paper by highlighting the feature properties of the pro-
posed DNN-based controller.

2. Preliminaries and Methodology Framework

2. 1 Definitions

LetZ+ be the natural number set and< the real number
set. Let<n be the n-dimensional vector space defined in
<, and<n×n ben × n real matrix space. The norms of a
vectorx = (x1, · · · , xn) and a matrixA = (ai,j) ∈ <n×n
are defined as{

‖x‖ =
√

xTx

‖A‖ =
√

eig(ATA)max

(1)

with eig(·)max the maximum eigenvalue. For any positive
definite symmetric matrixA(x), and for anyx, let Am
andAM denote the minimum and maximum eigenvalues
of A(x), respectively. In addition, the following two norm
forms are useful for the subsequent development{

‖x‖1 =
∑n

i=1 |xi|
‖A‖2

F = tr(AAT ).
(2)

Definition 1: Consider the nonlinear systeṁx =
f(x,u),y = h(x) wherex is a state vector,u is the in-
put vector andy is the output vector. The solution is uni-
formly ultimately bounded (UUB) if for allx(t0) = x0,
there exists̄ε > 0 andT (ε̄,x0) such that‖x(t)‖ < ε̄ for all
t ≥ t0 + T .

2. 2 Models of robot dynamics

Consider the dynamic equation of a robot manipulator

M(q)q̈ +C(q, q̇)q̇ +G(q) + F (q, q̇) = u(t) (3)

where q, q̇, q̈ ∈ <n are the vectors of generalized co-
ordinates, velocity and acceleration,M(q) ∈ <n×n the

positive inertia matrix,C(q, q̇)q̇ ∈ <n the Coriolis and
centrifugal torques,G(q) ∈ <n the gravitational torques,
u(t) ∈ <n the applied torque.F (q, q̇) is the unstructured
uncertainties of the dynamics including friction and other
disturbances, which is assumed to be a continuous func-
tion of the robot joint angles. The following properties are
required for the subsequent development.

Property 1: M(q) is a positive symmetric matrix de-
fined byMm ≤ ‖M (q)‖ ≤ MM with Mm,MM being
known constants.

Property 2: C(q, q̇), defined by using the Christoffel
symbols, satisfies that

• Ṁ(q) − 2C(q, q̇) is skew symmetric;
• ‖C(q, q̇)‖ ≤ CM‖q̇‖ andC(q,x)y = C(q, y)x,

x,y ∈ <n, CM > 0.

2. 3 Design framework

The robot dynamic equation (3) can be written in state
space form

ẋ = f(x) +B(x)u(t) (4)

wherex = [qT q̇T ]T is the system state, and

f(x) =
[

q̇
−M−1(q)(C(q, q̇)q̇ +G(q) + F (q, q̇))

]
,

B(x) =
[

0
M−1(q)

]
. (5)

To develop a stable NN-based adaptive control law, the
tracking error metric [8] is defined as

S = C(x− xd) (6)

wherexd = [qTd q̇Td ]T ∈ <2n is the desired trajectories to
be tracked,C = [Λ I] ∈ <n×2n, Λ = ΛT > 0.

Differentiating (6) with respect to time and using (4)
gives

Ṡ = C[f (x) + B(x)u(t) − ẋd]
= −rS + rS −Cẋd +Cf(x) + CB(x)u(t) (7)

where r = diag(r1, · · · , rn), related to the closed-loop
control bandwidth of the system, is usually defined asr =
I− r̄ with r̄ = diag(r̄1, · · · , r̄n), in which r̄i(i = 1, · · · , n)
are determined according to (12a) in [15].

With M−1 = CB(x), multiply M to both sides of (7)
leads to

MS̃ = Mh +W (x) + u(t) (8)

whereS̃ = Ṡ + rS, h = rS −Cẋd,W (x) = MCf(x).
The following DNN is used to approximate the robot dy-

namics (5)
˙̂x = fN(x̂) +GN(x̂)u(t) (9)

wherex̂ = [q̂T ˙̂q
T
]T is the DNN state,fN (x̂) ∈ <2n,

GN(x̂) ∈ <2n×n, defined as the nonlinear components of
the DNN, are usually presented by two strictly feedforward
NNs or two linearly parameterized NNs witĥx as their per-
ceptive inputs.

For a DNN system, the tracking error metric is defined
as follows

So = C(x̂− xd) (10)
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whereC is defined as before. Combining (9) and (10) gives

Ṡo = C( ˙̂x− ẋd)
= C{fN(x̂) +GN(x̂)[u(t) − ū(t)] − ẋd}
= −rSo + rSo −Cẋd +CfN (x̂)

+CGN(x̂)[u(t) − ū(t)] (11)

where ū(t) presents the robust control components for
robot control. DefineMN = (CGN(x̂))−1, and multi-
plyingMN to both sides of (11) yields

MN S̃o = MNhN +WN (x̂) + u(t) − ū(t) (12)

whereS̃o = Ṡo + rSo, hN = rSo − Cẋd, WN (x̂) =
MNCfN (x̂). When the DNN statêx approaches the robot
statex, we haveū(t) → 0, then the DNN system is equiv-
alent to the robot system (4) in terms of state and control
input.

Define the state deflection metric of the robot system
from the DNN system as

Se = C(x − x̂)

= Λ(q − q̂) + q̇ − ˙̂q (13)

whereSe = [se1, se2, · · · , sen]T , andC is defined as be-
fore.

If the following control is considered for a robot (4)

u(t) = −MNhN −WN (x̂) + ū(t) (14)

then (12) can be written as

MN(x̂)S̃o = 0. (15)

SinceMN (x̂) is a positive definite matrix, the system be-
havior of the DNN can be predetermined byS̃o = 0, i.e.,

Ṡo + rSo = 0. (16)

Subtracting (12) from (8) and using (16) lead to

M(q)Ṡe = −M(q)rSe + (M(q̂) −MN (q̂))h
+W (x̂) −WN (x̂) +Q+ ū (17)

where

M(q) = (Mij(q)) ∈ <n×n,
MN(q̂) = (M̂ij(q̂)) ∈ <n×n, i, j = 1, · · · , n
W (x̂) = [w1, · · · , wn]T ∈ <n,
WN (x̂) = [ŵ1, · · · , ŵn]T ∈ <n,

h = [h1, · · · , hn]T ∈ <n,
Q = [M (q) −M(q̂)]h +W (x)−W (x̂)

−MN (q̂)(h − hN). (18)

The goal of the paper is to propose a novel control algo-
rithm based on the DNN learning so as to make the DNN
system defined in (9) approximate the robot dynamics pre-
sented in (4) as accurate as possible. Actually , we can
achieve this by only makingSe(t) → 0,MN (q̂) →M(q̂),
andWN(x̂) → W (x̂) through the DNN learning. In the
subsequent section, we will research the stable adaptive
control approach for robot trajectory tracking using DNNs.

3. Robot Adaptive Control Using DNNs

Consider the following control law


u(t) = uI(t) + ū(t)
= −MNhN −WN(x̂) + ū(t)

ū(t) = up(t) + un(t).
(19)

It is shown by (19) that the robot control law is com-
posed of the dynamic inversionuI(t) of the DNN system,
adaptive compensation termup(t) and the nonlinear con-
trol componentun(t). The nonlinear control component
un(t), which includes a proportional and derivative con-
trol (PD) component and a sliding control [14], is used to
improve the system stability and compensate for inherent
network approximation errors.

SinceM(q) andW (x) are the continuous time func-
tions ofq andq̇, the following can be obtained by the ex-
pansion of the Taylor series

M(q)h +W (x) = DHx + O1(t),
M(q̂)h +W (x̂) = DH x̂ + O2(t),

DH =
[
∂M(x)
∂xT

∂W (x)
∂xT

] ∣∣∣∣∣
x=0

(20)

which leads to

Q = [M (q) −M(q̂)]h +W (x) −W (x̂)
+MN (q̂)(h − hN)

= DHyH + O(t) +MN (q̂)(h − hN ) (21)

where yH = [ēTh1, · · · , ēT hn, ēT ]T ∈ <nH , ē =
x − x̂, nH = 2n(n + 1), DH = [dH,1, · · · , dH,n]T ∈
<n×nH , and the remaining termO(t) = O1(t) + O2(t) =
[o1(t), · · · , on(t)]T , is in small quantity when the DNN
state is near the robot system statex. Assume

up(t) = −MN (q̂)(h − hN) − D̂HyH (22)

whereD̂H is the estimate ofDH .
Substituting (20) and (22) into (17) gives

M(q)S̃e = [M (q̂) −MN(q̂)]h +W (x̂) −WN (x̂)
+O(t) + D̃HyH + un(t) (23)

whereS̃e = Ṡe + rSe, D̃H = DH − D̂H .
Since the function inputsq̂, ˙̂q are bounded and

Mij(q̂), wi(x̂) are continuous with their inputs, they can
be represented by linearly parameterized NNs over some
compact sets wherêq, ˙̂q are defined, with approximation
errors as small as possible by carefully choosing the NN
structure, i.e.

Mij(q̂) = ψTijyψ(q̂) + vij , wi(x̂) = ϕTi yϕ(x̂) + γi
(24)

where yψ(q̂) = [yψ,1, · · · , yψ,nψ ]T ∈ <nψ , yϕ(x̂) =
[yϕ,1, · · · , yϕ,nϕ]T ∈ <nϕ represent the basis function vec-
tors, ψij ∈ <nψ , ϕi ∈ <nϕ are NN weights chosen as
the values of̂ψij andϕ̂i that minimize the NN approxima-
tion errorsvij(q̂), γi(x̂) for all q̂ ∈ Ω1, ˙̂q ∈ Ω2, where
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Ω1 ∈ <n, Ω2 ∈ <nare sufficiently large compact sets. The
following DNN function components are defined as

M̂ij(q̂) = ψ̂Tijyψ(q̂), ŵi(x̂) = ϕ̂Ti yϕ(x̂) (25)

with ψ̂ij ∈ <nψ , ϕ̂i ∈ <nϕ , defined as the NN weight esti-
mates.

Substituting (24) and (25) into (23) gives

M(q)S̃e =




(ψ11 − ψ̂11)T · · · (ψ1n − ψ̂1n)T
... · · · ...

(ψn1 − ψ̂n1)T · · · (ψnn − ψ̂nn)T




×



h1yψ(q̂)

...
hnyψ(q̂)




+[(ϕ1 − ϕ̂1), · · · , (ϕn − ϕ̂n)]Tyϕ(x̂)
+ε + un(t). (26)

Define
M(q)S̃e = Θ̃T Y (x̂) + ε + un(t) (27)

where

ΘT =



ψT11 · · · ψT1n ϕT1 dTH,1

...
...

...
...

...
ψTn1 · · · ψTnn ϕTn dTH,n


 ∈ <n×ne

Θ̂T =



ψ̂T11 · · · ψ̂T1n ϕ̂T1 d̂TH,1

...
...

...
...

...
ψ̂Tn1 · · · ψ̂Tnn ϕ̂Tn d̂TH,n


 ∈ <n×ne,

Θ̃ = Θ − Θ̂ = [θ̃1, · · · , θ̃n] = (θ̃ij) ∈ <ne×n,
Y (x̂) =

[
h1y

T
ψ , · · · , hnyTψ , yTϕ , yTH

]T ∈ <ne ,

ε = [ε1, · · · , εn]T , εi =
n∑
j=1

vijhj + γi + oi,

εm = sup ‖ε(t)‖∞, ne = n× nψ + nϕ + nH .(28)

Usually, εm ≥ 0 is an unknown quantity, and should
be estimated with the estimation law to control the system.
The estimate ofεm is defined aŝε and the estimate error as
ε̃ = εm − ε̂. The following theorem gives a stable learn-
ing law, and guarantees that the tracking error metric of the
robot is uniformly ultimately bounded.

The following theorem yields for stabilizing the closed
loop system.

Theorem 1:Consider then-link rigid robot manipulator
described by the dynamic model given in (3), by applying
the control law (19) with

un(t) = −KSe − ε̂sgn(Se) (29)

and the NN learning algorithm

˙̂Θ = η[Y (x̂)STe + σ1(Θ0 − Θ̂)] (30)

and the bound estimate algorithm

˙̂ε = η0[‖Se‖1 + σ2(ε0 − ε̂)] (31)

where
η = diag(η1I

nψ , · · · , ηnInψ , ηn+1I
nϕ , ηn+2I

nH ) ∈ <ne

is a learning rate matrix withηi > 0, Im ∈ <m×mdenotes
an identity matrix,σ1 > 0, σ2 > 0, Θ0, ε0 are design pa-
rameters. If the minimum eigenvalue of the positive sym-
metric matrixK,Km, satisfy

Km ≥ 1
2

∥∥∥Ṁ(q)
∥∥∥ (32)

then the tracking error metric of the robot is uniformly ul-
timately bounded.

Proof: The following Lyapunov function candidate is
considered

V =
1
2
STe M(q)Se +

1
2
STo So +

1
2

tr(Θ̃T η−1Θ̃) +
1
2
η−1
0 ε̃2

(33)
which satisfies

1
2
PmyTy ≤ V ≤ 1

2
PMyTy,

y = [STe , S
T
o , ‖Θ̃‖, ε̃]T

Pm = min{Mm, 1.0, η−1
M , η−1

0 },
PM = max{MM , 1.0, η−1

m , η−1
0 }.

Using Properties 1 and 2, it is easy to obtain

V̇ =
1
2
STe Ṁ(q)Se + STe [−M (q)rSe + Θ̃T Y (x̂)

−KSe + ε − ε̂sgn(Se)]

−STo rSo − tr(Θ̃T η−1 ˙̂Θ) − η−1
0 ε̃ ˙̂ε

=
1
2
STe Ṁ(q)Se − STe M(q)rSe − STe KSe + STe ε

−ε̂STe sgn(Se) − STo rSo + tr[Θ̃T (−η−1 ˙̂Θ
+Y (x̂)STe )] − η−1

0 ε̃ ˙̂ε

≤ −
(
Km − 1

2

∥∥∥Ṁ(q)
∥∥∥)

‖Se‖2 −Mmrm‖Se‖2

−rm‖So‖2 − σ1tr[Θ̃T (Θ0 − Θ̂)]
−σ2ε̃(ε0 − ε̂). (34)

By completing the square, it can be shown that

−σ1tr[Θ̃T (Θ0 − Θ̂)] = −1
2
σ1‖Θ̃‖2 − 1

2
σ1‖Θ̂ − Θ0‖2

+
1
2
σ1‖Θ − Θ0‖2 (35)

−ε̃σ2(ε0−εm) = −1
2
σ2ε̃

2−1
2
σ2(ε0−ε̂)2+1

2
σ2(ε0−εm)2.

(36)
Substituting (35) and (36) into (34) yields

V̇ ≤ −Mmrm‖Se‖2 − rm‖So‖2 − 1
2
σ1‖Θ̃‖2

−1
2
σ2ε̃

2 + γ

≤ −λV/PM + γ (37)

where

λ = min{2Mmrm, 2rm, σ1, σ2},
γ =

1
2
σ1‖Θ − Θ0‖2 +

1
2
σ2(ε0 − εm)2. (38)

From (37), we can conclude that‖Se‖ will eventually fall
into a residual set with sizeO(γ), this concludes our proof.
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Remark 1: In Theorem 1, the design parameterΘ0 can
be considered as an initial estimate of the unknown weight
Θ, allowing the designer to incorporate any prior parameter
knowledge that may be available through off-line identifi-
cation or other methods. As shown in (37), the closerΘ0 is
to its true value, the smaller the residual tracking error be-
comes. Besides, the adaptive law (30) and (31) incorporate
a leakage term based on a variant of theσ-modification,
which prevents drift of the free learning parameters.

Remark 2:M(q) only contains trigonometric functions
of q, hence the derivative of each element with respect toq
is bounded such that‖Ṁ(q)‖ is bounded in (32).

Remark 3:Theorem 1 can be easily extended to the case
using SNNs. IfSe, Y (x̂) in (19), (29)–(31) are replaced by
S, Ȳ (x) with

Ȳ (x) = [h1y
T
ψ(x), · · · , hnyTψ (x),yTϕ(x)]T ∈ <n̄e ,

n̄e = n× nψ + nϕ (39)

then the results given in theorem 1 will be suitable for sta-
ble adaptive control of robotic manipulators using SNNs.
A similar derivation can be found in [9], [15].

4. Application

In this section, the above developed control approach is
employed in the position control of a 2-link manipulator.
The robot dynamics equation is[

D11(q2) D12(q2)
D12(q2) D22(q2)

] [
q̈1
q̈2

]

=
[
F12(q2)q̇22 + 2F12(q2)q̇1q̇2

−F12(q2)q̇21

]

+
[
G1(q1, q2)g
G2(q1, q2)g

]
+

[
u1

u2

]
(40)

where

D11(q2) = (m1 +m2)l̄21 +m2 l̄
2
2 + 2m2 l̄1 l̄2 cos(q2)

+J1

D12(q2) = m2 l̄
2
2 +m2 l̄1 l̄2 cos(q2)

D22(q2) = m2 l̄
2
2 + J2

F12(q2) = m2 l̄1 l̄2 sin(q2)
G1(q1, q2) = −(m1 +m2)l̄1 cos(q1)

−m2 l̄2 cos(q1 + q2)
G2(q1, q2) = −m2 l̄2 cos(q1 + q2)

with

‖u1‖ ≤ 360 [kg·m2/s], ‖u2‖ ≤ 182 [kg·m2/s],
g = 9.8 [m/s2].

The physical parameters of the robot are

l̄1 = 1 [m], l̄2 = 0.8 [m], J1 = J2 = 5 [kg·m],
m1 = 0.5 [kg], m2 = 6.25 [kg]. (41)

The desired joint angle trajectory for the robot to follow is

q1d(t) = 0.5[sin(t) + sin(2t)],
q2d(t) = 0.5[cos(3t) + cos(4t)]. (42)

And the initial simulation condition for robot motion is

q1(0) = 1.0, q̇1(0) = −0.5,
q2(0) = 1.0, q̇2(0) = −2.0. (43)

In the following, the control performance of the pro-
posed robot controller based on DNNs will be illustrated
in comparison studies with the robot controller based on
SNNs mentioned in Remark 3. In simulations, the design
parameters of each controller are tuned to their best values,
in terms of the conflicting requirements of tracking accu-
racy and controller stability, so that the best performances
of these two types of controllers can be compared.

The controller based on DNNs (or SNNs) is designed
according to (19), (29)–(32) (or Remark 3). Among them,
the learning algorithm for DNNs is determined by (30), and
the bound estimate algorithm is given by (31). It can be
verified that the DNN state is strictly on the compact set
Ω = [−1.5, 1.5]× [−4.0, 4.0]× [−1.5, 1.5]× [−4.0, 4.0].
For these, the centers of the DNN and SNN can be assigned
in the same procedures.

In a four-dimension input space onΩ, with 11 levels for
each input variable, there are 121 divisions to position the
centers of basis functions according to the orthogonal de-
sign. Thus 121 basis functions are required to construct
the nonlinear functionWN (x̂) (or WN (x)). Similarly, in
one dimensional input spacêq2 (or q2) ∈ [−1.5, 1.5] [rad]
with 21 even partitions, 21 basis functions are required to
approximate the nonlinear functionG−1

N (q̂) (or G−1
N (q))

according to the orthogonal design. After the initial as-
signment of centers of basis functions following above-
mentioned procedures, centers can be further modified on
line by the unsupervised competitive clustering algorithm
[15] along with the robot simulations for trajectory track-
ing. The widths are determined by the P-nearest neighbor
heuristics [15].

Simulations are done using a fourth-order Runge–Kutta
algorithm with an integral step of 0.001 [s]. and a con-
troller sampling intervalδ = 0.02 [s]. The same design
parameters for both DNN and SNN controllers are chosen
as

K = diag(80, 80), Λ = diag(12, 12), η0 = 0.5,
σ1 = 0.001, σ2 = 0.01, θ0 = 0, ε0 = 0.05. (44)

The learning rates for DNN controller are chosen as

η1 = 0.92, η2 = 0.93, η3 = 123.5, η4 = 100.5
(45)

and the learning rates for SNN controller are chosen as

η1 = 0.42, η2 = 0.43, η3 = 109.0 (46)

and the initial learning rates for further updating the centers
of the basis functions are chosen as

αψ(0) = αϕ(0) = 0.25.

Figures 1 to 4 present the angle tracking errors for two
joints during the first 60 seconds and the last 10 seconds of
operation for both DNN controller and SNN controller of
robotic manipulators.Figures 5to 8 show the correspond-
ing control torques. To evaluate the robustness against
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Fig.1 Robot joint angle tracking errors for the first 60 seconds of oper-
ations using the DNN controller, where the solid line is forq1(t)

and the dashed line is forq2(t)
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Fig.2 Robot joint angle tracking errors for the last 10 seconds of oper-
ations using the DNN controller, where the solid line is forq1(t)

and the dashed line is forq2(t)

the external disturbances for both of the robot controllers,
a disturbance control torque with magnitude of 200.0 is
added to two joints of the robot during time interval [30,
35] in the simulations.Figures 9and10 present bound es-
timations on the NN construction errors during the whole
operation processes. It has been shown that the DNN con-
troller results in a better control performance than the SNN
controller for robot trajectory tracking. Besides, the results
given in Figs. 1 and 2 also are superior to that shown in
[16] for SNN-based robot control using the desired trajec-
tory learning.

5. Conclusions

A stable adaptive controller design for robot trajectory
tracking using DNNs has been developed in this paper, in
which the proposed dynamic inversion of the DNN system
plays a central role. One of the advantages of the method
proposed is that it excludes the assumption that is often
used in the existing literature, i.e., the robot states are as-
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Fig. 3 Robot joint angle tracking errors for the first 60 seconds of oper-
ations using the SNN controller, where the solid line is forq1(t)

and the dashed line is forq2(t)
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Fig. 4 Robot joint angle tracking errors for the last 10 seconds of oper-
ations using the SNN controller, where the solid line is forq1(t)
and the dashed line is forq2(t)

sumed to be within a compact set. Actually, without prov-
ing the stability of the whole system, the robot joint values
may be unbounded. Therefore, the approximation equation
is not necessarily true during on-line learning. By using the
dynamic inversion control, this problem is solved because
the DNN state is normally bounded without noise. Besides,
a simple estimation law for the bound on the NN recon-
struction errors is added in the control scheme to exclude
the bound estimation. It has been proved that the tracking
error metric, the state deflection metric of the DNN system
from the robot system, and the NN weights are convergent.
The method is applied in an example to illustrate the re-
markable performance improvement of the method.
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